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Problems from Chapter 20.  HW was

20A: #1ghi,2ijkl,3ijkl,5-11 odd,12 (Derivatives of trig functions)

20B: #1,3,5 (Derivatives of trig functions)

QB: 1*,35*a-c(trig&exp) ,37*a-d(trig),45a

Present 20A #7,9,11

20B #1,3,5

QB #1, 35, 37
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 of a function ) is that function whose derivative is 

 is written as  with the property that 

time?

) = -20
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Let's look at this visually

In other words instead of evaluating an infinite sum using limits, we can simply 

 simplification!  From this theorem, other properties can be 

areas under a curve helps you remember 
these.

Let's try a couple:

 of the object is given by:

 = 3:

(3) - 

Notice that the distance traveled is the area under the curve since we are summing up 

bits of rate times time.  Areas under curves can represent lots of things!

21A: #1-3 (Finding antiderivatives)

21B: #1,2defg,3,4 (Fundamental theorem)
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the Fundamental Theorem of Calculus is more powerful than that.  We can use it 
to 
consideration.  The Fundamental Theorem implies that:

In words, the indefinite integral
integrand

integral  or 

Notice that the same rules apply as for definite integrals, except that there is always a 
constant of integration.  Another example.

Check your work!  If you differentiate your result, you should get the integrand! 

In the HW you will practice seeing the relationship between simple integrals and their 

associated derivatives.
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These lead to the following integrals:

integrals.  Let's try some:

Always differentiate your result to see that you get the original integrand.

Expand parentheses and simplify to get a form you can integrate (when possible).

ind the constant of integration.

We may be given a second derivative, ''.  To find the original function, integrate 
twice.  ' to be specific on the second integration.

Remember, when we see

Since we know a lot about differentiation, we can work in reverse to figure out a 

lot of integrals!  Recall the following properties of differentiation:

But beware of x < 0:

21C.1: #2-11 (Integration with & without boundary conditions)

21C.2: #1-8 last col, 9 & 10 (Integration practice)

QB: 36,42,48
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).  No�ce that the deriva�ve of  is just 

So when we integrate a func�on of , we will need to divide by 

Apart from no�cing this situa�on, there is nothing new here.  It applies to any func�on.

Notice that integrals involving squares of trig functions cannot be done with the power 
rule unless there are other factors to offset the effects of the chain rule.  However, we 
can often move forward by rewriting using the double angle formula.  Recall that:

(These are shown in a different form on your formula sheet)
These allow us to tackle integrals like:

21D: #1begh,2beh,3,4,5bcef,6cfi,7bc,8-13 (Integrating f(ax + b))

QB: 21,23,24b,28,33a,38,46b,47(power),30a,39*a
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Recall that we can use the fundamental theorem of calculus to evaluate definite 

intervals.  Note that in order to evaluate                 the function f must be 

continuous on the interval a ≤ x ≤ b

IB uses the notation

a and b are, appropriately, called the limits of integration.  Because the constant of 

integration will cancel out, we do not use them with definite integrals.

Recall that definite integrals have various properties that we have already proven.  

Use these liberally (in both directions) to simplify your life.

21E.1: #1col2,2 ( Integrals w/calculator)

21E.2: #2-10 even & 9 ( Integrals w/calculator)

QB: 45b(trig),30b,32,41(exp),31(ln&trig)49(ln)

Thus ends your initial introduction to techniques of integration.  Chapter 22 goes into 

some applications.

Some integrals cannot be evaluated using analytical techniques.  Consider, for example,

Finding a function that differentiates to give xex (it's antiderivative) is no trivial matter.  But if we 
have access to a good calculator and if the integral is definite, we can approximate the 
integral with the calculator:

MATH/fnInt (option 9)
The parameters are:

fnInt(<function>, <variable>, <lower limit>, <upper limit>)
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Integration is commonly used to find the area beneath a curve but above the x-axis.  
Indeed, this is a fundamental concept underlying the idea of integration.

For many functions, we can use the Fundamental Theorem to calculate these types of 
areas:



SLCalculusIntegration.notebook

10

March 03, 2013

22A.1: #1,2acehj,3,4 (Areas below curves (1 a-l))

22A.2: #2-16even (Areas between curves)

QB: 2d,9*(d.iv),16*d,17*(ab),25*(xdy),29*,35*de,37*e,39*b,43*,50*(trig),40*d,44d(rational)

Note: Many problems - use your discretion

This idea can be extended to find the area between two curves.  Consider:

The "height" of the area at any value x is the 

difference between the two functions: f(x) - g(x).

We need to be careful that this difference has the 

same sign over the interval being integrated.  But in 

this case the sign of the individual functions is not 

what's important - just that the difference has the 

same sign.

Area Between Two Curves

The area between two curves f and g in the interval 
[a, b] when f(x) ≥ g(x) in the interval is given by:

You need to do the subtraction in the correct direction and ensure that f is above or on g
over the entire interval.  Sketch a graph!

What would you do if f is not above g over the entire interval?  You guessed it - break 
into two intervals.
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Problems encountered in 22A?

(Try Dramamine)

These ideas, in reverse, help us to find distance travelled, change in position, and 

change in velocity for some function that describes motion.  A big idea in physics.

Be careful with the difference between distance travelled

and total displacement (change in position)

When the integrand changes sign and you want distance travelled, you need to:

a) Use the absolute value on your calculator or

b) break the integral into parts

The book describes a technique that involves finding different constants of integration for 

different intervals.  I prefer to just break up the integral into different sections.  In any case, 

you need to analyze the sign diagram of the integrand.

22B.1: #1-3 (Distances from velocity)

22B.2: #2,4,6,7 (Motion problems)

22C: #1-4 (Problem solving)

QB: 3*,7*,11*(exp), 5,12*,15,20*(power)

We've already seen that velocity is the derivative of position and acceleration is the 

derivative of velocity.

Note calculator approach if it's available.

Nothing new here - just applying ideas of integration.  Note that the amount that 

something changes is the integral of the rate at which it is changing.  

The primary issue here is getting the proper integral set up.  Often you will have 

technology to help evaluate it.  So focus on setting up the integrals.

Draw a diagram!
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A major use of integration is to calculate and ultimately optimize use of materials in 

manufacturing. Consider a Hershey's Kiss.  The volume of chocolate can be calculated 

if we know the function, f(x), that describes the contour of the side:

Imagine rotating the curve around the x-axis to 

create a solid of revolution.

We can use an integral to sum up successive 

infinitesimally thin discs between a and b to get the 

volume created (Demo in HL pdf)

At any point x along the curve, the radius of the kiss is 

defined by the value of the function at that value of x.  In 

other words, r = f(x).

The volume of a single disc is approximately the area of 

its base times its height.

Abase ≅ π r2 = π f(x)2 h = δx

So the volume of one disc can be approximated by:

V = π r2 δx and the total volume as the sum.  If we take 

the limit as the thickness (δx) approaches zero, we get:

Volume of a solid defined by f(x) rotated around the x-axis from a to b

Use this idea to find a formula for the volume of a cone of height h and base radius r

⅓π r3h

The key, of course, is the complexity of the resulting integral which will depend on the 

defining function.

With a little imagination, one can also calculate the volume of a solid created by rotating 

a function around the y-axis.  If the original function is given as y = f(x), you will need to 

find the inverse function, x = f(y) as the discs will be oriented horizontally:

Volume of a solid defined by f(x) rotated around the y-axis from a to b

Understand where these ideas come from and the formulas will be unnecssary.

Before we begin, a little reminder about how to find the volume of a prism.  
What's a prism?
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The plot thickens as the volumes we want to calculate become more complex.  To 

make something hollow, we can use two defining functions.

Similarly to what we saw calculating 

areas between two curves, rotating the 

upper function will generate one volume, 

while rotating the lower function will 

generate another volume to subtract 

from the first.  This can be done in two 

steps or, sometimes more simply, by 

subtracting the functions before

integrating.

As was the case with areas, we need to pay close attention to which curve is the 

upper one.  If that changes over the interval of integration, you must break the 

integral into different parts and change the direction of the subtraction.

22D.1: #1bdfh,2,4-8all (Volumes of rotation - one function)

22D.2: #2,3,4,6 (Volumes of rotation - two functions)

QB: 17*c, 26*,27*,36,42,48

The primary issue here, like with problem solving, is getting the proper integral set up.  Often 

you will have technology to help evaluate it.  So focus on setting up the integrals.


