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        is not the same as evaluating the function 

> Evaluating limits requires special approaches and rules

Informal Definition of a Limit:

16A: #1fgh, 2def ,3def (Limits)

To find limits simplify the expression, sometimes by factoring, to eliminate any 
discontinuities.  If there is no discontinuity at the desired value, just evaluate the 
expression.

It can be shown that certain properties apply to limits:

Expressions that evaluate to ratios involving 0 and/or ∞ are called indeterminant and 
require special treatment.  You must rearrange expressions to see what value the 
expression will approach.  A common trick is to divide the numerator and denominator 
by some power of the variable.

Indeterminant forms

Try some:

There is a more precise definition of limits but we will not go into it in this course.
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 = 7.

 is big and negative (num is >0, denom is <0) so 

 is positive (num is >0, denom is >0) so 

Let's also look at what happens as  gets very large.  You may recall that:

 gets large, the highest power of 

at the same rate

vertical asymptote

Note that as x⇒ +∞, f(x) ⇒ 2 from above since 

Likewise,  as x⇒ -∞, f(x) ⇒ 2 from below since 

Horizontal asymptotes

±∞
when the degree of the numerator and denominator are equal.

The H.A. is 

What do you think this would give?

Summary of Behavior of Rational Functions

1. When the degree of the numerator is greater than the degree of the 
denominator by more than one, the function will diverge as x approaches ±∞.

2. When the degree of the numerator is equal to than the degree of the 

denominator, the function will approach a horizontal asymptote as x

approaches ±∞.  The y-value of the asymptote is the ratio of the coefficients of 

the leading terms.

3. When the degree of the numerator is less than the degree of the 

denominator, the function will approach a horizontal asymptote at y = 0 as x

approaches ±∞.

Don't memorize, understand why.
Try one:

Do the investigation in section 16 C in class.  What did you conclude?

The instantaneous rate of change of a function f(x) with respect to x at a point x = a 

is given by the gradient (slope) of the line tangent to the function at x = a.  This is 

also known as the gradient of the curve at x = a.

16B: #1 (Limits as asymptotes)
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Geogebra Demo: Derivatives

is called the limit quotient.  Finding the derivative of a function by evaluating the limit 

quotient is called using first principles.
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You may not need a general function that describes the derivative at any point.  

It may be enough to find the gradient at a single point.

One way is to evaluate the limit quotient at the given point, call it a.  Thus, the 

gradient of a function f at a point a is given by:

Alternatively, one can imagine a variable point x to the right of a and evaluate a limit 

quotient that's written slightly differently:

Confirm this on your calculator:  nDeriv(function, variable, value)

nDeriv(2x2 + 3,x, 2) = 8

Try it using the formula

Do you have a preference?

17A.1: #1-3 (The derivative)

17A.2: #1-3 (First principles)

17B: #1cd,#2 (Derivatives from first principles)
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The result of 17A.2 #2 is fundamental and is very useful.  Let's prove it:

Derivative of a power function

We will explore many of the properties of differentiation using a power function to practice.

Here are the first set of rules.  Can you prove them from first principles?

This is also a good time to discuss notation.  The derivative of y with respect to x

(meaning that y is the dependent variable and xis the independent variable) is also 

given by:

This notation was developed by Gottfried Leibnitz around 168.  He was credited with 

discovering infinitesimal calculus simultaneously and independently from Isaac 

Newton, who developed and used the "prime" notation.

The following instructions are all different versions of saying the same thing:

Find the slope of the line tangent to the curve at x = 2 

Present 17A.2 #1,2,3e,f

Try some:

17C: #1aeim,2all,4ace,6dh,7 (Differentiating power rule)
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Consider the function x2 whose derivative is 2x.  What is the derivative of (2x)2?

Now try differentiating (2x + 3)2.  Do it with and without expanding first.

Finally, try differentiating (x2 + 3x + 4)2 by guesswork and then by expanding it out.

From these short examples we can see the chain rule at work.

The Chain Rule

If f(x) = g(h(x)) = (g ○ f)(x) then

f'(x) = g'(h(x)) • h'(x)

Not recognizing the need to use the chain rule is probably the single most 

common source of errors in differentiation!

Although the concept is simple, it can get complex.

What about

We begin this section by reviewing composite functions

) = 3

(

Times 3 + 7 ○  + 7)

( ○ 

○ x ○ x

) =  + 7 and ) = 2 ○ ○ 

○ ○

17D.1: #1,2 (Chain Rule (composite functions))

17D.2: #1ad,2adg,3ace,4 (Chain Rule) 

QB: 24a,33a,40*a-c,44a-c,46a(power)
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What happens when you take the derivative of a product? Let's look at this from first 

principles:

The Product Rule

Try a couple: (Don't forget the Chain Rule)

There are lots of notations for this - all boil down to the same thing!  Another proof 

using Leibnitz notation is given in the book.
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Consider a function

Making use of the product rule, derive a formula for f'(x) in terms of u, u', v, & v'

The Quotient Rule

Try a couple:

17E: #1ad,2bd,3 (Product Rule)

17F: #1cf,2bd,3,4 (Quotient Rule)

This is a minimum set of problems to do.  Do more until you are proficient.
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If we find the derivative at some point, A(a, f(a)), we have 

the slope and a point.  Remember point-slope form of a 

line?  y - y1 = m(x - x1)  where (x1, y1) is a point on a line 

with slope m.  So we can find the equation of the line 

tangent to the curve:

Equation of a Line Tangent to f at x = a

y - f(a) = f'(a)(x - a)

Similarly, the equation for a line normal to a curve at a point A(a, f(a)) is given by:

Equation of a Line Normal to f at x = a

Recognizing that a derivative is the gradient of a curve at a point, one can use differential 

calculus to explore problems involving lines that are tangent and normal to curves.

Consider the diagram:

Some more thoughtful applications...

What does it mean for a tangent line to be horizontal?  More on this later.

Present 17E #1d,2d 17F #1f,2d,4
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Consider the height of a ball thrown up from the top of a 60 foot building at an initial 

speed of 12 feet per second.  The ball's height can be modeled by:

h(t) = -16t2 + 12t + 60

The change of position over time is also known as velocity.  

Using derivatives, we can find instantaneous velocity by letting ∆Time → 0

17G: #3,4,5bd,6bd,7,8a,9a,10 (Tangent and Normal lines)

17H: #1bdf,2cf,3,4 (Second derivatives)

QB: 2*(a-c),6,13,16*(a-c),18*

In the above example, the acceleration is simply, -32 ft/sec2 - gravity!

Notice the positions of the superscripts in Leibnitz notation - the reasoning for this 
will become apparent later.  It is read "dee-two h dee-tee squared"

Abstractly, f''(x) or f(2)(x) is the second derivative of f with respect to x.  It represents 
the the "slope of the slope" or the curvature of f .

To find a second derivative, simply take the derivative of the derivative.  And yes, 
Martha, you can continue this process (though we won't go into it in SL).

We will talk a lot more about the meaning of second derivatives in the next chapter.

In the example, velocity is given by v = -32t + 12.  Notice that when t = 0, the velocity is 

12 ft/sec (the initial speed!) and that the velocity increases (in a downward direction) 32 

ft/sec every second!

That change in velocity with respect to time is called acceleration.  It is also the 

second derivative of position (in this case height) with respect to time.

Note: The HW for 17G and the QB are core calculus ideas.  Do this thoroughly!

Everyone will need to present on Thursday.

It jumps right into some more complex applications of the ideas.  To dip your feet into 

the water first, try a couple from #1 & 2.

Add 8a, 9a, and 10 to your unit plan sheet!  See the website for an updated unit plan.


